Arnoldi Iteration



Hr&lov subsroce mmethods are  the basa for the
.H?fa’rive methods for eigcnvafue /)rob!ems (and afso for sof vir(\#
Linear swfems)

An i'm/aorJranJr aalvan}aoqe: ﬁry(’ov methods do mot  deal d?rec’réz
with A, but rather with  wabrix - vector /)rodumls vwo{wg
A .
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Foo A €™ we wolt 6 compile A- QHQ", whee
H o i g M‘&ZZ’ wd @ My,m., QQ'-T.

Howewer | we suppose thet n s huge, ﬂmrc%ore Cwe do ot
%(; to comfu+e the 7&[[ facforizotion .

Instead , {et us comsider gust the first m &m columns o} the
actarisofion ~ AQ = QH

Therefore , on the {left-hand side , we org-L need the malrix
Que C .
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On the mght-hand eide | we on‘fy need Fhe fiasf m columns of H.
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Ho , wheh o Hhe (me) x m vppon- 4t sbon o] H:
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Hm On[& ifecacts  aith  the %hs?‘ m+| columns o/~ Q,’ hence we have

AQ’M - Qmﬂ Hm.
The 4" column can be weitfen as
Aq,m = hlm_q: LIRS | h'mm -9:,,,' t hmﬁ,m q‘m‘rl )
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Remork <|’7-' Arvoldi itecaion s o-l_us’f the Gram - Schmid{ method Fhat

construcks ,2” and (or'l'honormaz vectors 7,)



Arnoldi lteration

1. choose b arbitrarily, then g1 = b/||b||>
2. for m=1,2.3,... do

3: v = Agm

4. forj=1,2.....,mdo

5: hjm — qJ’-kV

6: V=V — hjmqj

7:  end for

8 hmeim = |Vl

9: Am+1 = V/hm+1,m

10: end for

This is akin to the modified Gram—Schmidt method
because the updated vector v is used in line 5 (vs. the
“raw vector” Aqpm)

Also, we only need to evaluate Ag,, and perform some
vector operations in each iteration



@ * How do we fir\d eiamva{ues 7mm the  Arnoldi iteration
/\: "Cd. H'm. = Q:.A Qm be the m x m malex OH'ainecl

b& remv\r(\; the fost row fm ﬁm

At eoch de’) m , we co:7oufe the ei(genva[u,cs af the
Hcssenbeco«z marix Hm (This is how eigs in Pyfhon /MATIAB
works

This I;rov;de__s estimates for m eiggnva[ues / eglmvec‘llor.s (m «<n)
calld  Fite voles , Btz vedors ‘m?oea‘ivgz.

memmwmd&@i,%ﬂumw
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We mow examine wi}l a'élenva{ws o/L Hom 7ofm«xxma+e extreme
eiaenvalues of A .

Ret 'E:\ e denote  the monic /)olb{nomia{s of de&ree m.

Theorem:  The chaaderislic /:o{gnomiaf of» H,, is the uni7ue sofution

o{ the arfroximo+}on /oe }E;: i such that



l[ /J(A)_I; “2 = n’n.infmuﬂl,.
This  theorem imlsﬁcs that Aitz wofues ,iee., eiﬁenvalues o;. Hm |
ore the rools of Hhe opfimal pobynamial
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Now , fet’s consider what /o* should fook fike o order to
minimi'ze "f(A)B”l .

We can ilustrate the in}OOl‘fM"' ideas with a s}mf)le case.
5urfase that A has on{;’ m <<n  dishinct e@mva&ws y ond.

m
b = Z "‘OL'I—});; , where ?}} n on cigenvecfor corres[Jondhg o /\OL.

1=1

Then , for /oe/E,;c , we have
/o(x) =t Xt X .o+ X

7’0:‘ some coe}ﬁcienfs Cor €ty ) Copy -

Aff{é{lnﬂ this /ooé‘znomia(, fo o matrix A 5fvc.s
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wth rools af A, Ag,-., A
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-j:flen the /)Og{r\omlo[ /o e P o
minimi zes "/3(A)|9“a ) Since “F(A)E“l =0
This means that the Rtz volues offer m ecalions ore then

the m didinct eiﬂ_mvafues 0}' A.
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